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Abstract 

Our aim is to find a general approach to the theory of classical solu- 
tions of the Garnier system in n- variables, Qn, based on the Riemann- 
Hilbert problem and on the geometry of the space of isomonodromy 
deformations. Our approach consists in determining the monodromy 
data of the corresponding Fuchsian system that guarantee to have a 
classical solution of the Garnier system Gn- This leads to the idea of 
the reductions of the Garnier systems. We prove that if a solution of 
the Garnier system Qn is such that the associated Fuchsian system has 
I monodromy matrices equal to ±1, then it can be reduced classically 
to a solution of a the Garnier system with n — I variables Qn-i ■ When n 
monodromy matrices are equal to ±1, we have classical solutions of Qw 
We give also another mechanism to produce classical solutions: we show 
that the solutions of the Garnier systems having reducible monodromy 
groups can be reduced to the classical solutions found by Okamoto and 
Kimura in terms of Lauricella hypergeometric functions. In the case 
of the Garnier system in 1-variables, i.e. for the Painleve VI equation, 
we prove that all classical non-algebraic solutions have either reducible 
monodromy groups or at least one monodromy matrix equal to ±1. 



1 Introduction. 

The 77,-variables Garnier system is the completely integrable Hamiltonian 
system p], pi El] 




dpj 
d K, 



l,...,n, 



(1) 
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where are pairwise distinct complex variables, and 



T'iui 



(2) 



with Un+l = 0,M„+2 = 1, K = J |(I]^t=\^m " l)^ " (^oo + 611, . . .,6n+2, 

{}oo being some constant parameters, A(m) := U^^^i^u — u^) and T{u) := 

The Garnier system Qn has movable algebraic points but it can be trans- 
formed by a suitable change of variables (z/,, p^, Ui) — > {qi,Pi, Si), i = 1, . . . ,n, 
into a Hamiltonian system Tin enjoying the Painleve property (see Jl^)- This 
means that the solutions . . . , Pi{si, . . . , Sn) may have complicated 

singularities (i.e. branch points, essential singularities etc.) only at the critical 
points Ui = Uj for z 7^ j of the equation, the position of which does not de- 
pend on the choice of the particular solution (the so-called fixed singularities) . 
All the other singularities, the position of which depend on the integration 
constants (the so-called movable singularities), are poles. 

Observe that in the case of only one variable n = 1 (and four parameters 
9i, 02, 63 and -i^oo) the Garnier system satisfies the Painleve property also 
in the variables {u, p) and it coincides with the Painleve sixth equation with 
parameters a = ^ p = ^ = ^^^1 § = The solutions of the 

Painleve sixth equation are new transcendental functions, i.e for generic values 
of the parameters 61, 62, 03 and ^00, the generic solutions can not be expressed 
via elementary or classical transcendental functions (see ||26| , |3^ , |3^). As a 



consequence one expects that also the generic solutions of the Garnier system 
Qn with ra > 1 will be some new transcendental functions of several variables. 



More precisely, following Bl], B^, p3[ , a classical function in one variable. 



X is a function that can be obtained from the field of rational functions C{x), 
by a finite iteration of the following admissible operations: 

i) arithmetic operations — , x, 

ii) quadrature, 

iii) solutions of algebraic equations with classical coefficients, 

iv) solution of a linear ordinary differential equations with classical coeffi- 

cients, 

v) substitution into an Abelian functions, 

vi) solution of algebraic differential equations of first order with classical co- 

efficients. 
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For functions of several variables, we give the following 



Definition 1. We say that a function of several variables f{ui, . . . ,Un) is a 
classical functions if for every i = 1, . . . ,n, and for every fixed uj, j ^ i, the 
function fi : Ui /(^i, • • • , is classical in Ui in the above sense. 

For some special values of the parameters ^i, . . . , 6*^+2, "doo there are par- 
ticular solutions that can be expressed via classical functions. For example, if 
Yl^t^ ^fc + 1 = ±''^00, then there are some special solutions of Qn that can be 
expressed via the Lauricella hypergeometric functions (see [2^). In the case of 
Painleve sixth equation there are several examples of classical solutions, that 
we do not discuss here. We only mention that, in certain cases, the classi- 
cal solutions of the Painleve sixth equation have been related to the Dynkin 
diagrams (see p4|) and to the regular polyhedra in the Euclidean space (see 
0, |21|, m). Observe that there are some explicit solutions of Qn that are not 



classical according to Umemura's definition (see |2^, |T3|, |T8|, Q). 

The classical solutions of Qn have several applications in the theory of 
integrable systems and Frobenius manifolds. Indeed Garnier systems and their 
limits appear in the context of twistor theory as symmetry reductions of several 
integrable systems. For example the self-dual Yang-Mills equations with 3- 
dimensional symmetry groups, the self-dual Einstein equations and various 
generalisations of them have symmetry reductions to Qn (see [^). The basic 
idea of the Painleve test of integrability of PDEs consists in reducing a given 
system to a differential equation possessing the Painleve property (see for 
example IQ). In the context of the theory of Frobenius manifolds, some Garnier 
systems with are related to the problem of the normal forms of dispersion-less 
integrable systems. In it is shown that this relation remains valid for the 
dispersive corrections. In particular the first dispersive correction is expressed 
by the isomonodromic r-function. Such an isomonodromic perspective for the 
higher order corrections is still missing. 

Our aim is to find a general approach to the theory of classical solutions of 
the Garnier system based on the Riemann-Hilbert problem and on the geome- 
try of the space of isomonodromy deformations (see [0, |T^). In fact systems 
where first introduced by Garnier as isomonodromic deformations equations 
of a certain second order Fuchsian differential equation, or, equivalently of an 
auxiliary two-dimensional Fuchsian system with n + 3 poles Ui, . . . ,Mn+2; oo 
(see 



0, [T|, il,|Tl). 

Our approach consists in determining the monodromy data of the Fuchsian 
equation that guarantee to have a classical solution. This methods enables us 



to fully reproduce the results obtained in in the framework of the symme- 
tries of Hamiltonian systems. Moreover our approach suggests the reductions 
of the Garnier systems. In fact we show that all solutions of the Garnier system 
Qn can be seen as solutions of the Garnier system Qn+i but there are solutions 
of the Garnier system Qn+i that can not be reduced to solutions of the Garnier 
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system Qn via classical operations. In this sense we expect that the generic 
solutions of the Garnier system Qn+i should be more transcendental than the 
ones of Qn- 

More precisely, the Garnier system Qn is represented as the equation of 
isomonodromy deformation of the two-dimensional auxiliary Fuchsian system 
with 2x2 residue matrices Aj independent on A: 

A, \ 

$, (3) 




k=l 



Ml, . . . ,Un+2 being pairwise distinct complex numbers. The residue matrices 
Aj satisfy the following conditions: 

eigen {Aj) = and - X] A = Aoo, 



k=l 



where 



'oo 



6'j, j = 1, . . . , n + 2, oo are the ones appearing in (^. 

Generically (see 0) the monodromy matrices A^i, . . . , A^„+2 of ® remain 
constant if and only if the residue matrices Ai, . . . ,An+2 are solutions of the 
Schlesinger equations (see p9|): 

d [A,Aj] ^ d y [A„Aj] ^ 
duj * Ui — Uj ' dui * Ui — Uj 

When we deal with 2x2 matrices, the above equations reduce to the Garnier 
system Qn (see |12|, |15|). 



We show that when the monodromy group {Aii, . . . ,Ain+2) is l-smaller, 
i.e. it is such that I generating monodromy matrices are equal to ±1, then 
the corresponding solutions of the Garnier system Qn reduce to solutions of the 
Garnier system Qn-i- If the monodromy group is isomorphic to the monodromy 
group of the hypergeometric equation (i.e. is ?7,-smaller) , we have classical 
solutions. More precisely we prove the following 

Theorem 2. // there exists a solution (i/i, . . . , z/„, pi, . . . , p„) of the Garnier 
system Qn such that the corresponding Fuchsian system of the form ^ with 
matrices {Ai, . . . , An+2) is l-smaller, then there is a I -parameters family of such 
solutions and there exists a solution (z>i, . . . , On-i, pi, . . . , Pn~i) of the Garnier 
system Qn-i such that the corresponding Fuchsian system has monodromy group 
generated by those matrices Aii, . . . , A4n+2 that are not equal to ±1. Moreover 
the obtained I -parameter family of solutions of the Garnier system Qn depends 
classically on (i>i, . . . , z>„_/, pi, . . . , p„_/, ui, . . . , Un+2)- If ^ = ^ then we obtain 
a n-parameter family of classical functions of (ui, . . . , Un+2)- 
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Remark 3. Observe that the existence on an /-parameters family of solutions 
with the same monodromy matrices is related to the fact that the theorem of 
uniqueness of a Fuchsian system with prescribed poles and monodromy fails 
when one or more of the monodromy matrices is a multiple of the identity (see 
section 2.1). The dependence of the Fuchsian system on the /-parameters is 
an example of non-Schlesinger isomonodromic deformation (see 0). 



Remark 4. In the case when the monodromy at infinity A^oo is equal to ±1, 
it is possible to prove an analogous result to Theorem 0. The statement is a 
little more delicate and can be found in section 3.2. 



Remark 5. The fact that {ui, . . . ,i>n, pi, ■ ■ ■ , Pn) are classical functions of the 
arguments (z>i, . . . , On-i, pi, . . . , Pn-i, Ui, ■ ■ ■ , Un+2) does not necessarily imply 
that they are classical functions of the variables {ui, . . . , Un+2)- 

We give also another mechanism to produce classical solutions: we show 
that the solutions of the Garnier systems having reducible monodromy groups 
can be reduced to the classical solutions found by Okamoto and Kimura in 
terms of Lauricella hypergeometric functions. 

Theorem 6. // there exists a solution {ui, . . . , z/„, pi, . . . , pn) of the Garnier 
system Qn with parameters 9i, . . . , 9n+2, ^00 such that the corresponding Fuch- 
sian system has a reducible monodromy group then it is a classical solution. For 
such parameters 9i, . . . , 6^+2^ "^oo there exists a n-parameter family of classical 
solutions of the Garnier system Qn having reducible monodromy groups. 

In the case of the Painleve VI equation, we can prove that 

Theorem 7. All classical non-algebraic solutions of the Painleve VI equation 
have either reducible or smaller monodromy groups. 

It is then natural to believe that all solutions of the Garnier system with 
generic monodromy groups, i.e. monodromy groups that are non-reducible 
and non-smaller, are either algebraic or non classical. We cannot prove such a 
result yet, but this paper gives arguments that make such a belief stronger. 

Observe that when the matrices Ai,...,An+2 are m x m, the generic 
isomonodromic deformations equations are still given by the Schlesinger equa- 
tions (|^), i.e. by the so-called Schelsinger systems. These systems have 
very rich analytical and geometric structures. For example they admit a 
Hamiltonian formulation whose quantisation can be regarded as Knizhnik- 



Zamolodchikov system and its generalisations (see p8|). We postpone to an- 
other paper the study of the reductions and classical solutions of the Schlesinger 
systems (see M). 
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2 Isomonodromic deformations equations and 
Garnier systems 

In this section we recall how to represent the Garnier systems as isomonodromic 
deformation equations of a 2 x 2 Fuchsian system. The results of this section 
are standard (see |TT| , |T^, |T^, |T3[), we just recall them here in order to fix 



the notations and for self-consistency. 

2.1 Monodromy data of Fuchsian systems 

Consider the Fuchsian system with n + 3 regular singularities at Mi, . . . , Un+2, 
Un+3 = oo: 

$ = AgC\K,...,«„+3} (5) 

dA A — Uk 

k=l 

Aj being 2x2 matrices independent on A, and Ui Uj for i j , i, j = 1, ... , n+ 
2. Take some parameters 6*1, ... , 6*^+2, i^oo and assume that the matrices Aj 
satisfy the following conditions: 

Q n+2 

eigen (Aj) = and -^Ak = Aoo, (6) 

where 

2 V -6 
for some 6^00 7^ 0. 

The solution $(A) of the system (^) is a multi- valued analytic function 
in the punctured Riemann sphere C\{ui, . . . Un+2}, and its multivaluedness 
is described by the so-called monodromy matrices. Let us briefly recall the 
definition of the monodromy matrices of the Fuchsian system (^. First, fix 
a basis 71, ... , 'jn+2 of loops in tti (C\{mi, . . . Wn+s}, 00), and a fundamental 
matrix for the system (^. To fix the basis of the loops, one has to perform 
some cuts between the singularities, i.e. n + 1 segments tti . . . 71^+2 between 
Un+3 = 00 and each uj, j = 1, . . . ,n + 2. The segments vri^...^„+2 are taken 
along the same direction rj and ordered according to the order of the points 



k=l 



A . ^ f Goo 
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ui, . . . ,Un+2- Take 7^ to be a simple closed curve starting and finishing at 
infinity, going around uj in positive direction (7^ is oriented counter-clockwise, 
Uj lies inside, while the other singular points lie outside) and not crossing the 
cuts TTj. Near 00, every loop 7j is close to the cut ttj as in Figure 1. 
The fundamental matrix of the system is given by the following 

Proposition 8. There exists a fundamental matrix of the system (Qj of the 
form 

<I>U^)= (l + 0{\)]\-^-\-'^-, as A ^00, (7) 



where the matrix TZ^q has zero diagonal entries and 
7^oo,, =0 z/ ^9oo ^ z, 

^00., = - Etl ul - ECl [G^'-'^ Etl > ^/^oo = e z_, 

(8) 

where G^^^ = 1 and /or / = 1, 2, • • - p — 1, G^^^ are uniquely determined by 

n+2 l-l n+2 

fc=l s=l A,-l 

and A~^°° := e~^°°'°S'^, wzi/i ^/ie choice of the principal branch of the logarithm 
with the branch- cut along the common direction rj of the cuts tti, . . . , 7r„+2- Such 
a fundamental matrix $oo(A) is uniquely determined up to 

$oc(A) $oo(A)Loo, (10) 
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where L^o is any constant invertible matrix such that 

N (k) 

A-^-A-^-LooA-^-A^- = 1 + ^ (11) 



A'^ 
fc=i 



for some L^cx^ , ■ ■ ■ , L^"* constant matrices. 



The proof can be found in [^]. 

The fundamental matrix can be analytically continued to an ana- 
lytic function on the universal covering of C\{mi, . . . , Wn+s}- For any element 
7 G TTi (C\{mi, . . . jMn+s}, oo) dcuotc by 7[$oo(A)] the result of the analytic 
continuation of $00 (A) along the loop 7. Since 7 [$00 (A)] and $00 (A) are two 
fundamental matrices in the neighbourhood of infinity, they are related by the 
following relation: 

7[<l>oo(A)] = $oo(A)A^^ (12) 

for some constant invertible 2x2 matrix Ai^ depending only on the homotopy 
class of 7. Particularly, the matrix A^oo := -^7cx)5 7oo being a simple loop 
around infinity in the clock-wise direction, is given by: 

A^oo = exp(27ri^oo) exp(27r27?.oo)- (13) 
The resulting monodromy representation is an anti-homomorphism: 

TTi (C\{Mi,,...,'Un+2,CX)},00) ^ S L2{C) . . 

7 ^ ^ ' 



M^;y = M;yMy. (15) 

The images J^j := A4^. of the generators 7^, j = 1, . . . ,n + 2 of the funda- 
mental group, are called the monodromy matrices of the Fuchsian system (^). 
They generate the monodromy group of the system, i.e. the image of the repre- 
sentation (|T¥). Since the loop (71 ■ ■ ■7n+2)~^ is homotopic to 700, the following 



relation between the generators holds: 

MooMn+2---Mi = l. (16) 

Observe that if we fix another fundamental matrix = $00-^00 in the equiv- 
alence class defined by (|l3), the monodromy matrices Ai'^ with respect to the 
new fundamental matrix are related to the old ones by 

M'j = L^'MjL^, j = l,...,n + 2. (17) 
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Thus, given the Fuchsian system (|), with the constraints (|^), and the basis 
of loops as in Figure 1, the monodromy matrices Aij, j = 1, . . . ,n + 2 are 
uniquely defined up to the ambiguity 

{Mu-.., Mn+2) ~ {L^'MiL^, L-jMn+2Loo), (18) 

where Loo is given by (0). Observe that M.00 is invariant w.r.t. (|l8l). 

We recall the definition of the connection matrices. Near the poles Uk, the 
fundamental matrices $fc(A) of the system are given by the following 

Proposition 9. There exists a fundamental matrix of the system ^ of the 
form 

^kW = gk{t + 0{\-Uk)){\-Uky'{\-Uk)'^\ as A->M,, (19) 

where is the Jordan normal form of Ak, with eigenvalues Qk is defined 
by Ak = QkJkGk^ , ond the matrix IZk has zero diagonal elements and off- 
diagonal ones given by 

=0 if 9k^Z, 

7^fci2 = (A,p + Er=/ A.n-iG^'^) if 9k = peZ+, ^20) 



\ / 12 

TZk,, = [Ak,p + Er=/ An-iGf) if Ok = -p G Z. 



where 



A, = e.E(-i)"(^e,-' (21) 

and Cf^ = 1 and for I = 1,2, ■ ■ ■ n — 1, are uniquely determined by 

= [Jk, G?^] - /G? + Ai-mGt^ + Ai- (22) 

m=l 

The choice of the branch of\og{z — Uk) needed in the definition of (A — UkY'' 
and {X — UkY^^ is the same as in Proposition^. The fundamental matrix $fc(A) 
is uniquely determined up to the ambiguity: 

^k{X) ^ <ffc(A)Lfc (23) 

where Lk is any constant invertible matrix such that 

N 

(A - UkY^X - Ukt'Lk{\ - Uk)-'''{\ - Uky^" = 4'^^ - (24) 
for L^^ = Qk and for some L^k \ ■ ■ ■ , L^^^ constant matrices. 



9 



The proof can be found in [^]. 

Continuing the solution $00 (A) to a neighbourhood of Uj, along, say, the 
right-hand-side of the cut ttj, one obtains another fundamental matrix around 



u 



that must be related to $j(A) by: 



<l>oo(A) = $,(A)C„ (25) 



for some invertible matrix Cj. The matrices Ci, . . . ,C„+2 are called connection 
matrices, and they are defined by (|2^) up to the ambiguity Cj CjL^ due 
to ([T0|). The connection matrices are related to the monodromy matrices as 
follows: 

Mj = Cj^ exp {2mJj) exp {Tlj) Cj, j = 1, . . . , n + 2. (26) 
Thanks to the above relation it follows that 

eigen{Mj) = exp(±7ri6'j). (27) 

Lemma 10. Given n + 2 matrices Aii, . . . ,Ain+2, none of which is equal to 



±1, satisfying the relations (It) and (22), then 



i) there exist n + 2 matrices Ci, . . . ,C„+2 satisfying the (^). Moreover the 
matrices Ci, . . . , Cn+2 are uniquely determined by the matrices A^i, . . . , A^„+2, 
up to the ambiguity Cj ^— > Lj^Cj, where Lj is any invertible matrix satisfying 



ii) If the matrices Aii, ■ ■ ■ ,M.n+2 ore the monodromy matrices of a Fuchsian 
system of the form (j3[), then any {n + 2)-ple Ci, . . . ,C„+2 satisfying can 
be realized as the connection matrices of the Fuchsian system itself. 

Proof, i) If Aij is diagonalisable, then Cj is its diagonalising matrix. If Aij 
is not diagonalisable, it can be reduced to the Jordan normal form. We can 
always choose the Jordan normal form in such a way that the off-diagonal 
elements are all equal to 27ri. Then Cj is the matrix reducing Aij to the 
Jordan normal form chosen in this way. Two matrices Cj and Cj give the same 
matrix Aij if and only if C~^Cj commutes with exp {2TiiJj) exp (JZj), namely 
if and only if they are related by Cj = Lj^C'j. 

ii) Now assume that C[, . . . , C^+2 connection matrices of a Fuchsian 

system of the form (^, with monodromy matrices A4i, . . . , Ain+2 with respect 
to a fixed fundamental matrix <l>oo- Id est, $oo(A) = $^(A)Cj, j = 1, . . . ,n + 2, 
for some choice of the solutions $'1, . . . ,$^+2 of the form (0). One has for 
each j = 1, . . . ,n + 2 

Mj = (C'j)-^ exp {2Tii{Jj + Uj)) Cj = Cj^ exp {2m{Jj + Uj)) Cj. (28) 

So the matrices Lj = C'jC^^ commute with Jj + 11, j and Ci, . . . ,Cn+2 are the 
connection matrices with respect to the new local solutions $j(A) = $^(A)Lj. 

A 
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Definition 11. The Monodromy data of the Fuchsian system are 

{(^1, . . . , Mn+2)/^, . . . , 7^„,+2} , (29) 

where ~ is the equivalence relation defined by (|T^). 



Remark 12. For non-resonant Aj, i.e. for 6j ^ Z, the correspondent TZj 
matrix is zero by definition and does not appear in the set of the monodromy 
data. 



Lemma 13. Two Fuchsian systems ^ with the same poles Ui, . . . ,Un+2, the 



same exponents 9j, j 



,n + 2 and the same Aoo, having all monodromy 



matrices A4 1, . . . ,M.n+2 different from ±.1, coincide if and only if they have the 
same monodromy data with respect to the same basis of the loops 7i, . . . ,7n+2 
given in Figure 1. 



Proof. Let $^^(A) and $^^(A) be the fundamental matrices of the form 
the two Fuchsian systems. Consider the following matrix: 

F(A) :=$(^)(A)$^HA)-^ 
Y{X) is an analytic function around infinity: 



Y{\) 



as A 



00. 



of 



(30) 



(31) 



Since the monodromy matrices coincide, Y{\) is a single valued function on 
Cyj-ui, . . . , Un+2}- We prove that Y{\) is analytic also at the points Uj. In fact 
having fixed the monodromy data, we can choose the fundamental matrices 



and $^-^''(A) of the form (^) with the same exponents TZj 7^ and, due 
to Lemma |10|, in such a way that 

$(i)'(^)(A) = <l>f)'(')(A)C, J = 1,2,3. (32) 

with the same connection matrices Cj. Then near the point Uj, Y{\) is analytic: 



.(2) 



Y{X) = Gf (1 + 0{\ - u,)) G)" (1 + OiX - u,)) 



.(1) 



(33) 



This proves that Y{X) is an analytic function on all C and then, by the Liouville 
theorem Y{X) = 1, and the two Fuchsian systems coincide. A 
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2.2 Isomonodromic deformation equations. 

The theory of the deformations the poles of the Fuchsian system keeping the 
monodromy fixed is described by the following two results: 

Theorem 14. Let ■ ■ ■ ,7Vl„+2)/~, . . . ,7^ri+2}, be monodromy data 

of the Fuchsian system: 

^.$o^y_:^^o (34) 



dX ^ X-u' 

k=l 



k 



of the above form with pairwise distinct poles u^, and with respect to some 
basis 7i, . . . , 7„+2 of the loops in tci (C\{m?, . . . , u^+^}, oo) . If none of the mon- 
odromy matrices is equal to ±1, then there exists an open neighbourhood U C 
£n+2 Q^ii^Q point = (mJ, . . . , M°+2) suck that, for anyu = {ui, . . . , Un+2) £ U, 
there exists a unique {n + 2)-ple ^i(m), . . . , An+iiu) of analytic matrix valued 
functions such that: 

Aj{vP)=A% ^ = l,...,n + 2, (35) 
and the monodromy matrices of the Fuchsian system 

= (36) 

dA X — Uk 

k=l 

with respect to the same basi^ 71, ... , 7ri,+2 of the loops, coincide with the given 
. . . , The matrices Aj{u) are the solutions of the Cauchy problem 

with the initial data A^ for the following Schlesinger equations: 

_d_^^ ^ [A,A,] ^ _d_^^ y [A„A,] ^ ^g^^ 
duj * Ui — Uj ' dui ' Ui — Uj 

The solution $^(A) of jj^ ) of the form (0j can be uniquely continued, for 
X ^ Ui i = 1, . . . ,n + 2, to an analytic function ^oo{X, u), u & U, such that 

^^{Xy) = ^l{X). (38) 

This continuation is the local solution of the Cauchy problem with the initial 
data $[^(A) for the following system that is compatible to the system i^): 

3 t = (39) 

0U4 X — Ui 



^Observe that the basis 71, ... , jn+2 of tti (C\{ui, . . . , Un+3}, 00) varies continuously with 
small variations of mi, . . . , u„+2- This new basis is homotopic to the initial one, so one can 
identify them. 
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Moreover the functions Ai{u) and ^ooi^^u) can be continued analytically to 
global meromorphic functions on the universal coverings of 

C\{diags} := . . . ,Mn+2) G C"^^ | Ui ^ ujfori ^ j} , (40) 

and 

{{X,ui, . . . ,Un+2) ^ C^\ui ^ Uj for i ^ j andX ^ Ui, i = 1, . . . ,n + 2] , 

(41) 

respectively. 



The proof of this theorem can be found, for example, in [|19], |2^, ^ . As 
shown in there are some non-generic situations in which the Schlesinger 
equations ( |37D do not describe all isomonodromic deformations of the system 
d^). In this paper we deal only with Schlesinger isomonodromic deformations. 

Definition 15. We call the system of differential equations (^) in n variables 
Ml, ... , Un, for the m x m matrices Ai, . . . , An+2, Schlesinger system S(n,m)- 

In this paper we deal with S(n,2), i-e. 2x2 matrices. The case of higher 
dimensional matrices is postponed to another paper (see 0). 

The solvability of the Schlesinger systems with given monodromy matrices 
is still an open problem. Existence can be prove in generic cases, as in the 
following 

Theorem 16. Any set of matrices {Mi, . . . , A^n+2) satisfying j^Tdi ) and such 
that the group {A4i, . . . ,A4n+2) is irreducible, can be realized as monodromy 
group of some Fuchsian system. 

Proof, see [|, 0]. 

2.3 Garnier Systems Qn 



Following |T^, we show here how to reduce the Schlesinger system Sn,2 to the 
Garnier system Qn- 

First notice that we can always perform conformal transformations of the 
variable A in the Fuchsian system (^. For example by A — :;7~z^7^) can 
fix the poles Un+i and Un+2 at and 1 respectively. Here, we fix them this way. 

The Schlesinger system Sn,2 is invariant with respect to the gauge trans- 
formations of the form: 

Ai ~ D^^AiD, i = 1, . . . ,n + 2, for any D diagonal matrix. (42) 



13 



we introduce 2n coordinates (i^i, . . . , z/„, pi, . . . , p„) on the quotient of the space 
of the matrices satisfying Sn,2 with respect to the equivalence relation p^). The 
coordinates [ui, . . . , Un) are the roots of the following equation of degree n: 



n+2 



k=l 



E = 0' (43) 



and (pi, . . . , p„) are given by 



n+2 . _ 

Y^^hl^^ z = l,...,n + 2. (44) 



Theorem 17. // {Ai{ui, . . . , . . . , ^„+2(^i, • • • , Un)) satisfy Sn.2, then the 
functions {ui{ui, . . . ,Un), ■ ■ ■ , Pn{ui, ■ ■ ■ ,Un)) defined by (g^, (g^ satisfy the 
Gamier system Qn- 

The proof of this result and the formulae expressing the matrices Ai, . . . , An+2 



in terms of the coordinates (i/i, . . . , z/„, pi, . . . , pn+2) can be found in [|l5l. Ob- 
serve that the matrices Ai, . . . , An+2 are classical functions of the coordinates 
(z/i,...,i/„,pi,...,p„). 

Remark 18. Observe that for n > 1 the Garnier system does not satisfy 
the Painleve property. This is due to the fact that the coordinates (z/i, . . . , z/„) 
are defined as the roots of a polynomial equation of degree n. It is possible to 
introduce a canonical transformation (i/i, . . . ,p„) — >• (gi, — such that the 
new Hamiltonians are polynomials in (gi, — *>,Pn) and the Painleve property is 
satisfied (see [p5|]). 

A different conformal transformation A , will correspond to a dif- 

ferent choice of the position of the poles and 1, i.e. Ui = and Uj = 1. The 
new Garnier system so obtained will be related to the old one by a symmetry, 
described in the following section. 

2.3.1 Symmetries of the Garnier systems 

We give here a list (see [|15|) of symmetries of Qn, i-e. birational canonical 
transformations 

T : {Ui, . . . ,p„,Mi, . . . ,Mn+2) {h, . . . ,pn,Ui, . . . , Cin+2) 

which leave Qn invariant, modulo changes of the parameters 

I : {9i, . . . , 9oo) (6'i, . . . , 6'oo)- 
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Such symmetries are easily understood as a result of a conformal transforma- 
tion of the original Fuchsian system (^. In the list we choose Un+i = and 

Un+2 = 1- 



1,- 



n 



( ~ 



pi 



Ui 



{Uj - l)pi 



T, 



n+2 \ Pi 

Ui 



i - l^i: 
-pi, 
1 - Ui 




\^ n+3 n 11 



the parameters change accordingly 



^3 ■ 

Tn+2 
Tn+3 



6j ^ 6n+l, j 



6. 



71+1) 



9, 



n+3 



'n+1 



+ 1. 



2.4 Painleve VI equation 

In the case of n = 1, the Garnier system Qi depends only on one variable 
ui = X, having fixed U2 = and M3 = 1 as above. It automatically satisfies 
the Painleve property. In fact there is only one coordinate vi = y defined as 
root of a linear equation. Let us put pi = p, then the Garnier system Qi in 
this case is: 



dy_ 

dx 

dp 
dx 



Tjy) 

T'(x) 



2p 



y-x 



i(ELi - ^oo)(ELi + 2)} 
This is the Painleve sixth equation for y{x) 

Vxx = 2 (y + ^ + ip^^ yl~ (^x + + ^) yx+ 



with 



(^oc - 1)' 



p = - 



1 



,q2 



1-^9? 



(45) 
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Remark 19. Observe that permutations of the poles Ui and of the values 
i = 1,2,3,00 induce transformations of {y,x) of the type x ^ 1 — x and 
y— >-l — V, X— > - and y — >■ -, x — >■ and v — > and their compositions. 
These transformations are the symmetries of the Painleve VI equation and 
correspond to the symmetries T3,T4 and Ti of the Garnier system Qi above. 
Symmetries of the Painleve VI equation have been classified by Okamoto 
We list some of them in Section 3.4. 



Remark 20. It is clear from p5| ) that changes of the signs of the parameters 
dki k = 1, 2, 3 and transformations on i^oo of type 'doo — »■ 2 — t^oo give rise to 
the same Painleve VI equation. 

3 Reductions of the Garnier systems and clas- 
sical solutions 

3.1 A useful gauge transformation 

Lemma 21. Given a Fuchsian system of the form (j^ with residue matri- 
ces Ai, . . . , An+2 not all upper-triangular. Let ±y eigenvalues of 
the matrix Ak for k = l,...,n -\- 2, 00. Given some integer N, if there 
is at least one 6j 7^ —2, — A^, —2N then there exists a gauge transformation 
G{ui, . . . , Un+2, Ai, . . . , An+2), rational in all arguments, that maps the given 
Fuchsian system to a new one of the same form ij^) with matrices Ai, . . . , An+2 
such that the new eigenvalues are ±y for k ^ j and ±(y + N). 

Proof. We give here the gauge transformation $(A) = G{X)(^{X) giving rise 
to the transformation -i^oo "^oo + 2A^, 



'-''0O12 '-''0021 Q I AT ' '-^0022 



En+2 A 7 

^00 + N 



and for t^oo 7^ 



^00 + 2iV {^^ + 2N) Y.ti ^i.. < ' 
while for {}oo = 

N 2Er=i'Ai< 2iV2 ' 

where a 7^ is an arbitrary parameter. Such a gauge is always well defined in 
our hypotheses because the equation Yl]^=i •^hi'^f = is compatible with the 
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Schlesinger equations iff Ai^^ 



for alU = 1 
1,. 



and Ym=i •^hi'^i = 0, we obtain for all i 

o n+2 
O 



, . . . , n + 2. Infact when 
..,n + 2 



du 

that for doo 7^—2 implies Ai^^^ 
Er=Mi2i«r = gives 



= -^^^-^hi^i = (2 + ^^oo) Ai^^Ui 



for all z = 1, 



,n + 2. When > 1, 



d 



n+2 



.N 



NAi^j^u 



N-l 



N 

E 

s=l 



■n+2 



n+2 



.s~l 



1=1 



i=l 



J 21 



and summing on all i we obtain XliLi '^«2i'"« ~ =0. Iterating the same 
computation, we arrive at Ai^-^^ui = 0, that for t^oo 7^ —2 implies ^jji = 

for alH = 1, . . . , n + 2 as proved above. 

The new matrices (^i, . . . , ^^+2) are given by Ak = G{uk)^^AkG{uk), 
= 1, . . . , n + 2 and have parameters Ok = Ok, k ^ 00 and 'doo = ^00 + 2A^ 

Analogous formulae can be derived for the transformation Oj Oj + 2A^ 



for j 



n + 2. 



A 



Lemma 22. Given a Fuchsian system of the form ^ with residue matrices 
Ai, . . . , An+2 not all lower-triangular. Let ±^ the eigenvalues of the matrix 
Ak for k = 1, . . . ,n + 2, c>o. Given some integer N, if there is at least one 
Oj 7^ 2,N,2N, then there exists a gauge transformation G{ui, . . . ,Un+2, Ai, 
. . . , An+2)! rational in all arguments, that maps the Fuchsian system with 
residue matrices {Ai, . . . , An+2) to a new one of the same form (j^ with residue 
matrices {Ai, . . . ,An+2) such that the new eigenvalues are for k ^ j and 
±Ci-N). 



Proof. It is completely analogous to the previous proof. 



3.2 Smaller Monodromy Groups. 

Definition 23. Given a Fuchsian system of the form we say that its 
monodromy group (A^i, . . . , A^n+2) is l-smaller, if / monodromy matrices are 
equal to ±1. 

In this section we prove Theorem ^ that claims that if a solution of the 
Garnier system Qn is such that the associated Fuchsian system has a /-smaller 
monodromy group, then it depends classically on the variables Uj such that 
Mj = ±1. 

Proof of Theorem ^ First of all we want to prove that if there exists a 
solution (i/i, . . . , pi, . . . , pn) of the Garnier system Qn such that the corre- 
sponding Fuchsian system of the form (|^) with residue matrices (^1, . . . , An+2) 
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has an /-smaller monodromy group, then there exists a solution (z>i, . . . , On-i, 
Pi, . . . , Pn-i) of the Garnier system Qn-i such that the corresponding Fuch- 
sian system has monodromy group generated by those matrices A^i, . . . , 
that are not equal to ±1. We have to distinguish the two cases J\Ak = 1 or 
A4fc = —1. We deal first with the case M.k = 1 in the additional technical 
hypothesis that the matrices (^i, . . . ,An+2) are not all upper-triangular. 

Suppose that one of the monodromy matrices, say M.^^ k ^ oo, is equal 
to the identity. This may happen if and only if the corresponding 6k is an 



even integer. If 9k = 2K, for some integer K ^ ±1, then, by Lemma 0, 
we can map it to Qk — 2 (-ft' + 1) via a rational gauge transformation (in fact 
Qk = 2, 2K ^ K + 1, 2{K + 1)) and viceversa. If = 2 we can simply use the 

constant gauge ( ^ ^ ) . So we can assume without loss of generality that 



6k = —2 for some k . We are going to perform few gauge transformations. At 
each step we must normalise the new fundamental matrix at infinity as in (|^). 
Let us switch the pole Uk with oo by the change of variable A 1^3^ ■ To 

this aim, we have to diagonalise Ak- We take J^k = q ^ ^ and Qk is such 

that QkJkQk^ ~ -^k- We obtain a new Fuchsian system with poles 0, ^^^^^ for 
/ 7^ k, residue matrices Bi defined as follows: 

Boo ■= Jk, Bk := Qk^AooQk, and for I ^ k, Bi := Q^^AiQk, 

and monodromy matrices A/] defined as follows: 

TVoo := 1, A4 := Moo, and for I ^ k, M := Mi. 

The condition A/'oo = 1 implies that the matrix TZoo defined in Proposition ^ 
is identically equal to zero. This gives rise to the following equation for the 
matrix elements oi Bi, I = 1, . . . ,n + 2 

n+2 n+2 /n+2 \ 

1=1 i=\ \i=i J 

Keeping this relation in mind it is not difficult to prove that the gauge trans- 
formation 

maps the Fuchsian system with residue matrices S^, / = 1, . . . n + 2, to a new 
Fuchsian system with residue matrices Bi = G{ui)^^BiG{ui), / = 1, . . .n + 2, 
such that Boo = The Gauge G{X) is well defined in our hypotheses and 
non-singular (because the equation Ym=i ^hi'^i = is compatible with the 
Schlesinger equations iff "i^oo = — 1 or Bi^-^ = for all / = 1, . . . , n -|- 2, both re- 
lations being false in our hypotheses). The new Fuchsian system with matrices 
{Bi, . . . , Bn+2) is not lower triangular and has the same monodromy matrices. 
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We now want to build a solution of Qn-i- To this aim we switch back to 
a Fuchsian system with the original Ui, I = 1, . . . ,n + 2. Again, we have to 
diagonalise Bk = G{uk)^^Qk^AooQkG{uk). Take Qk such that QkAooGk^ = ^fe- 
The new Fuchsian system has residue matrices 

^oo = ^oo, Ak = 0, and for I k, Ai := Qk^G{ui)-^g^^AigkG{ui)gk, 

and monodromy matrices 

Moc = Moo, Mk = 1, and for I ^ k, Mi = Mi- 

The Fuchsian system so obtained corresponds to a solution (z>i, . . . , z>„, pi, . . . , 
Pn) of the Garnier system Qn-i with monodromy group {Mi, . . . , Mk-i, Mk+i, 

Mn+2)- 

Now we want to prove that starting from the above obtained solution of the 
Garnier system Qn-i, i-e. starting from the Fuchsian system with residue matri- 
ces {Ai, . . . , Ak-i, Ak+i, • • • , An+2), one can indeed build a one-parameter fam- 
ily of solutions (^1, . . . ,An+2) of Qn having the original monodromy matrices 
Ml, 1 = 1,..., n+2 and being rational functions of (t^i, . . . , Mn+2, Ai, . . . , An+i)- 

Let us switch the pole u^. with 00 again, as above. Let Qk be an arbitrary 
constant matrix, we obtain a new Fuchsian system with poles 0, ^^j';^^ for / 7^ k, 
residue matrices 



Bo 



0, Bk = QkAooQk 



and for I ^ k, Bi = QkAiQk ^■ 



The new monodromy matrices are then 



1, Nk Ck^MooCk, and for I ^ k, Ni := C^-^M A, 



where Ck is the connection matrix corresponding to the new normalisation of 
the fundamental matrix. If wc choose Qk = Qk and = 1 we obtain Bi = Bi 
for all / = 1, . . . , n + 2, 00. Otherwise wc obtain a one-parameter family of 
Fuchsian systems (it is actually a two-parameters family, but one parameter is 
factored out by diagonal conjugation) with monodromy group (A/i, . . . ,J\fn+2)- 
We now want to rebuild the residue matrix B^o- This can be achieved with 
a singular gauge 



G(A) = 



n+2 




where a 7^ is an arbitrary parameter (factored out by diagonal conjugation). 
Such a gauge is rational in the matrix elements of {Bi, . . . ,Bn+2) and it is 
well defined in our hypotheses. It maps the one-parameter family of Fuchsian 
systems with residue matrices Bi, I = 1, . . .n + 2, to a new one-parameter 
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family of Fuchsian systems with residue matrices Bi = G{ui)^^BiG{ui), I = 
1, . . . n + 2 and monodromy matrices Afi = Afi, I = 1, . . .n + 2. 

We now want to build to a one-parameter family of Fuchsian system with 
the original ui, I = l,...,n + 2. Thus we have to diagonalise Bk- Let Qk such 
that BkGkAooGk^ , we have the new residue matrices 

Ak = Qk^JkQk, Aao = Aoc and for I k, Ai = Q^^BiOk- 

The new monodromy matrices are then to be conjugated with the connection 
matrix corresponding to the new normalisation of the fundamental matrix. 
They coincide with the original monodromy matrices M.i, I = l,...,n + 2 up 
to diagonal conjugation. Since (z/i, . . . , i>„, pi, . . . , p„) are classical functions of 
(^1, . . . , An+2) and . . . , Un+2) and (^1, . . . , An+i) are classical functions 
of (z>i, . . . , z>„, Pi, ... , p„), and {ui, . . . , Un+2), we conclude that (z/i, . . . , z/„, 
Pi,...,p„) are a one-parameter family of classical functions of (z>i, . . . , z>„, 
pi, . . . , p„), and . . . , Un+2)- 

It is clear that when all matrices (^1, . . . ,An+2) are upper triangular we 
can proceed as above, using the gauge transformations of the form given in 
Lemma |2^ to reduce to the case of = 2, the same change of variables to 
reduce to = 2 and a gauge transformation analogous to G{X) and G(A) to 
conclude. This concludes the proof in the case when one of the monodromy 
matrices is equal to the identity. 

Let us now suppose that one of the monodromy matrices, say A^^, is equal 
to the minus identity. If Aik = ~1 with k ^ 00, we can apply the symmetries 
Tn+3 ■ Tk and the change of variable A to map the given solution 

(^1, . . . , An+2) to a Fuchsian system with = 1. 

This concludes the proof in the case when one of the monodromy matrices 
is equal to ±1. When more than one of the monodromy matrices are equal to 
plus or minus the identity, we just iterate the above procedure. A 

Theorem 24. // there exists a solution {ui, . . . , pi, . . . , p„) of the Gamier 
system Qn such that the corresponding Fuchsian system of the form ^ with 
matrices (^1, . . . , ^^+2) has monodromy matrix M. 00 = ±1; then, for any 
k = 1, . . . ,n + 2 such that M.^ 7^ ±1, there exists a solution (z>i, . . . , z>„_i, pi, 
. . . , p„_i) of the Gamier system Qn-i such that the corresponding Fuchsian 
system has {CkMiC^^ , . . .CkMk-iC^^ .CkMk+iC^^ , ■ ■ . ,CkMn+2Ck^) , as mon- 
odromy group Ck being the connection matrix of M.k- Moreover the given so- 
lution (i/i, . . . , z/„, pi, . . . , p„) of the Gamier system Qn depends classically on 

(z/i, . . . , Vn-l, Pi, ■ ■ ■ , Pn-l, Wi, . . . , Un+2)- 

Remark 25. Observe that for a solution of the Garnier system Qn there is 
always at least one monodromy matrix, say M.ki not equal to ±1. 

Proof. As above, we present the proof in the case when not all matrices Ai are 
upper triangular. As seen in the proof of Theorem ^, it is easy to reproduce a 
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G(A) 



proof for the case of all matrices Ai upper triangular. Suppose that A^oo = 1 
and Aik 7^ ±1 for all = 1, . . . , n + 2 (if there are some Aik = ±1, we first use 
Theorem]^). This condition implies that the matrix T^oo defined in Proposition 
H is identically equal to zero. This gives rise to the following equation for the 
matrix elements of Ai, Z = 1, . . . , n + 2 

n+2 n+2 /n+2 \ 

+ YAi,,ui {Al^^ - Al,,)ui \ =0. 

1=1 1=1 \l=l / 

Keeping this relation in mind it is not difficult to prove that the gauge trans- 
formation 

A + 1 1 

Er=i^AiM/ 

maps the Fuchsian system with residue matrices / = 1, . . . n + 2, to a new 
Fuchsian system with residue matrices Ai = G{ui)^^AiG{ui), I = 1, . . .n + 
2 such that Aoo = 0. The Gauge G(A) is well defined in our hypotheses 
and non-singular. In fact the equation '^f^i Ai^-^^ui = is compatible with 
the Schlesinger equations iff -doo = —1 or Ai^-^ = for all / = 1, . . . ,n + 2, 
both relations being false in our hypotheses. The gauge G{X) preserves the 
monodromy matrices. 

We now want to build a solution of Qn-i- To this aim we map one of 
the poles, say Uk to infinity. We have to reduce Ak = G{uk)^^AkG{uk) to 
the Jordan normal form J7fc. Let Q^. be such that Ak = QkJkQk^- The new 
Fuchsian system has residue matrices 

^oo = Jfc, Bk = 0, and for I ^ 1, Bi = g,'G{ui)-UiG{ui)gk, 

and monodromy matrices 

TV'oo = CiMkC^\ Afk = 1, and for I ^ k, M = CkMi, 

where Ck is the connection matrix of Aik- Let (z/i, . . . , On-i, pi, . . . , Pn-i) be the 
solution of Qn-i corresponding to the Fuchsian system having residue matrices 
Bi, I = 1, . . . , k — 1, k + 1, . . . ,n + 2. We want to show that the given solution 
(z/i, . . . , i/„, pi, . . . , p„) of ^„ depends classically on (z>i, . . . , z>„_;, pi,..., pn-i) 
and . . . ,m„+2)- 

Since we can obviously recover Ai, 1 = 1,..., n+2, from Bi, I = 1, . . . , n + 2, 
by inverting the map above, we just need to show that we can reconstruct 
the matrices Ai, I = 1, . . . ,n + 2, from Ai, I = 1, . . . , n + 2, by a gauge 
transformation that depends classically on Ai. The gauge 



G(A) 



\ _i_ 1 A v^n+2 J ETJl^ ^12"? ] v^n+2 J 
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where a 7^ is an arbitrary parameter (factored out by diagonal conjugation) 
is well defined and non-singular in our hypotheses. The new matrices Ai = 
G{ui)~^AiG{ui), 1 = 1,..., n+2, coincide with the old ones Ai, 1 = 1,..., n+2, 
because of the uniqueness Lemma (p^Sf). 

If A^oo = —1, by the symmetry T3 and the a change of variable A 
we obtain a Fuchsian system with Aioo = 1- We can then proceed as above. 
A 

3.3 Reducible monodromy groups 

Definition 26. Given a Fuchsian system of the form we say that its 
monodromy group (A^i, . . . ,A4n+2) is reducible, if the monodromy matrices 
admit a common invariant subspace X of dimension 1 in the space of solutions 
of the system (^. 

In particular, if the monodromy group is reducible, then there exists a basis 
where all monodromy matrices have the form 

where Sk = ±1, the choice is fixed once for ever. 

We are now going to prove Theorem |^ that says that the solutions of the 
Garnier systems having reducible monodromy groups belong to n-parameters 
families of classical solutions. 

Proof of Theorem First of all notice that by ( PB| ) and (|TB|), we have that 
''^oo — Ylt=i^k(^k £ 2Z. Let (^1, . . . ,An+2) be the matrices corresponding to 
the given solution {ui, ... ,1/^1, pi, ... , pn)- We now show few Lemmata that 
allow us first to map the Fuchsian system with matrices {Ai, . . . , An+2) to 
a Fuchsian system with matrices upper-triangular {Ai, . . . ,An+2) and with 
the same monodromy group. We prove that the given {Ai, . . . , An+2) are 
rational functions of {Ai, . . . , An+2) and {ui . . . , Un+2)- Then we prove that the 
solutions (z/i, . . . , i>„, pi, . . . , p„) of Qn corresponding to the upper-triangular 
matrices {Ai, . . . ,An+2) are classical functions of {ui . . . ,Un+2)- We can then 
conclude that {yi, . . . , z/„, pi, . . . , p„) are classical functions of (mi . . . , Un+2)- 
We follow this procedure first in the case when no monodromy matrix equal 
to ±1, and finally we allow /-smaller monodromy groups too. 

Lemma 27. // there exists a solution {vi, . . . , z/„, pi, . . . , p„) of the Garnier 
system such that the corresponding Fuchsian system has a reducible mon- 
odromy group with no monodromy matrix equal to ±1, and — X]fc=i ^k^k = 
2K for some integer K ^ 0, then there exists a solution (z>i, . . . , z/^i, pi, . . . , p„) 
of Qn with parameters 600 — J2k=i ^kOk = and with the same monodromy 
data. The matrices {Ai, . . . , An+2) (if^e- rational functions of {Ai, . . . , An+2) 
and (mi . . . ,m„+2)- 
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Proof. Suppose "i^oo — Ylk=i^k(^k ^ 2_ft' ^ 0, then the residue matrices 
(^1, . . . ,An+2) are not all upper-triangular (lower-triangular) otherwise K = 
0. Suppose now that there are at least two parameters, say 9i, 9j that are 
non-zero and not equal to 2. Given K, we can find two integers Ni, Nj such 
that EiNi + EjNj = -K and Oij ^ -Nij, -2Nij, -2{Nij + 1). As a conse- 



quence the gauge transformations Gi and Gj, i ^ j, defined in Lemma ^ 
are well defined. In fact, chosen any two matrices Ai, Aj, i j, the number 
of integers for which the gauge transformations Gi{X) and Gj{X) are not de- 
fined is 4, but there are infinite integers Ni, Nj such that EiNi + EjNj = —K. 
Then applying Gi{X) and Gj{X), we find a new Fuchsian system with matrices 
(^1, . . . , An+2) such that Ok = Oj, for kj^ij, Oj = Oj + 2Nj and % = Oj + 2Ni. 
Then 9oo — J2k=i ^k^k G 2Z = 0, as we wanted. The obtained matrices 
(^1, . . . ,An+2) are not all lower triangular because otherwise the monodromy 
group would be lower triangular as well. Moreover Oij 7^ 2, iVjj, 2Nij because 
of the choice of A^jj. Then we can apply Lemma |2^ and build two gauges 
Gi{\) and Gj(A), that depend rationally on (^1, . . . , An+2)- The new matrices 
Ai = Gi{ui)~^Gj{ui)~^AiGj{ui)Gi{ui), I = 1, . . . ,n + 2 must coincide with the 
original ones (^1, . . . ,An+2) because they have the same monodromy matrices 
the same eigenvalues and the same poles (see Lemma |13D. So the matrices 
(^1, . . . , An+2) are rational functions of (^1, . . . , An+2) and Ui . . . , Un+2- 

If there are not two parameters 6i 6j that are non-zero, there must be at 
least one non zero, say 6i. In fact if all 6k were zero then K = 0. So suppose 



Oi = 2K. We apply Gj{\) defined in Lemma ^ and obtain 9^ = ^^ 2, AT, 2K 



Again we can apply Lemma |22| and build another gauge Gi{\) that depend 
rationally on (^1, . . . , ^^+2) and allows to reconstruct the original residue 
matrices (^1, . . . , An+2)- 

Suppose that all Ok = —2. We apply the gauge \ ^ n ) invert the sign 



of 9j and then proceed as above. A 

Lemma 28. Let the the Fuchsian system (Qj have an reducible monodromy 
group and let the sum -doo — X]fc=i ^k9k be zero. Then there exists a gauge 
transformation $ = P$ independent on X,ui, . . . , Un+2 such that 

dA -f^A-Mfc ' 

fe=i 

has the upper-triangular form 

Ak2i = 0, for all k = 1, . . . ,n + 2. 



Proof, see [0]. 
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Lemma 29. The solutions (z/i, . . . , z/„, pi, . . . , p„) of the Gamier system Qn 
with corresponding Fuchsian system of the upper-triangular form 

Ak2i = 0, for all k = 1, . . . ,n + 2. 

are classical solutions and can be expressed via Lauricella Hypergeometric equa- 
tions. 

Proof. Suppose that Ak2-i = for all k = 1, . . . , n + 2. Then we can choose 
Ak2i = — and thus the corresponding coordinates (pi, . . . ,p„) are all iden- 
tically equal to zero. As shown in |2^, the coordinates (i>i, . . . , are then 
classical functions and can be expressed via Lauricella Hypergeometric equa- 
tions. A 



Putting together Lemmata 0, |28|, we have shown that if there exists a 



solution (ui, . . . ,Un, pi, . . . , Pn) of the Garnier system Qn such that the corre- 
sponding Fuchsian system has a reducible monodromy group with no mon- 
odromy matrix equal to ±1, and 'd^o — X^fc^i ^k^k = 2K for some integer 
K 0, then there exists a solution (i>i, . . . , z/„, pi,...,p„) of Qn with pa- 
rameters 9i, . . . , 6n+2i ^oo given in the proof of Lemma |2^, with upper trian- 
gular residue matrices and with the same monodromy data. The solution 
(z/i, . . . , pi, . . . , p„) of the Garnier system Qn is then classical by Lemma 
PU| . We want to show that this solution belongs to a n-parameter family of 
classical solutions of Qn- 

Given the parameters ^i, . . . , ^„+2, ^oo such that ^oo — X^fcii ^k^k = 0, we 
can build a (n+l)-parameter family of upper-triangular Fuchsian systems with 
residue matrices 



Applying the gauges Gi{X) and Gj{X) defined in Lemma p2| we obtain a (n + 1)- 
parameter family of Fuchsian systems with the initial exponents 6i, . . . , 6n+2, "^oo 
and reducible monodromy group. This leads to the existence of a n-parameter 
family (one parameter is factored out by diagonal conjugation) of classical 
solutions of the Garnier system Qn- 

This concludes the proof of Theorem ^ in the case of no monodromy matrix 
equal to ±1. In the case of /-smaller reducible monodromy groups we have the 
following 

Lemma 30. // there exists a solution {ui, . . . , z/„, pi, . . . , p„) of the Garnier 
system Qn such that the corresponding Fuchsian system has an l-smaller re- 
ducible monodromy group then it is a classical solution. 

Proof. Suppose that the Fuchsian system corresponding to the solution 
(z/i, . . . , z/„, pi, . . . , pn) is non upper or lower triangular (otherwise we imme- 
diately obtain that the solution (z^i, . . . , z/„, pi, . . . , pn) is a classical solution 
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by Lemma |^ ). Then we can apply Theorem Then there exists a solu- 
tion (z/i, . . . , Un-i, Pi, ■ ■ ■ , Pn-i) of Qn-i with reducible monodromy group and 
(z/i, . . . , i/„, pi, . . . , pn) are classical functions of (i>i, . . . , i>„_;, pi, ... , pn-i) and 

til, . . . ,M„+2)- A 



3.4 Classical Solutions of the Painleve VI equation 

In the case of the Painleve VI equation some symmetries other than Ti 3 4 are 
known, namely the transformations Wi which preserve x: 

wo{y, p, &i, &2, h, 64) ={y,p- h, 62, -l - h, -1 - 63) 

wi{y,pMMM,bi) = iy,p- ^^,&2,&i,&3,&4), 

w2{y,pMMMM) = 61, 63, 62,^4), 

w^iy^pMMMM) = ijj^pMMMM), 

Wi{jj,pMMMM) = iy,p- ^^,-b2,-bi,h,h), 

where, in the case when ui = 0, U2 = x ad U3 = 1, 

, + 6^3 Oi — 63 02 + 6^0 . , O2 — 6, 
bi = — - — , 02 = — ^ — , 03 = 1, 64 = — 



00 



The formulae for y{y,p,x) and p{y,p,x) are given in |2J]. The above trans- 
formations Wq, . . . , 1^4 generate a group W that is isomorphic to Wa{D4) the 
afhne extension of the Weyl group of D4. 

Let i? be the collection of the following 24 vectors^ (±1,±1,0,0),(±1,0,±1,0), 
(±1, 0, 0, ±1), (0, ±1, ±1, 0), (0, ±1, 0, ±1), (0, 0, ±1, ±1). Consider the hyper- 
planes in the space of the parameters b = (61, 62, ^3, ^4) £ 

Hr,k = {heC'\{h,r) = k}, 

where r E R and k E Z. Define the following sets 

^ ~ UA:i,fc2eZ,ri,r2GK ^^2^21 
L = Uki,k2,k3&Z,ri,r2,r3eR ^ri,ki H Hr2,k2 ^ Hr^^k^, 
^ ~ Ufci,fc2,fc3,fc4eZ,ri,r2,r3,r4e-R -^n.fci ^ ^^^ ^2 ^ Hj.^ k-i H H^^^ki, 

where the unions over 2 or more elements in R are to be considered only among 
linearly independent elements of R. Obviously D G L G P G M. In terms of 
the parameters {9i, 62, 6*3, -doo) the sets i/r.fc can be rewritten as 

Hi,k = { i0u O2, 0;, ^^)eC^\e, = k}, % = 1, 2, 3, cx), 
^o,fc= |(^^i,^^2,^3,^oo) G C^l 5^£,^,+^oo = =±,1 



^Root system of type D,^. 
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so that the sets D C L C P C M have the form 

^ = UA:ez,j=o, 1,2,3,00 Hi^k, 

^ ~ Ufci,fc2eZ, 11,12=0,1,2,3,00 ^ Hr^ k2J^ 
^ — Ufci,A;2,fe3eZ, ji,j2,«3=0,l,2,3,oo -^n.fci H -f^r2,fc2 ^^Hr^^k^, 
^ — Ufci,fc2,fc3,fc4eZ, ii,i2,i3,M=0,l,2,3,oo -^n.fcl -f^r2,A:2 l~l -f^r3,fc3 H -ffr4,fc4, 

where 7^ for / 7^ m. 

Classical non-algebraic solutions of the Painleve VI equation are classified 
in the following (see [^ ) 

Theorem 31. 1. For b G M \ P there exists a one-parameter family of 
classical solutions of the Painleve VI equation. 

2. For b G P\L there exist two one-parameter families of classical solutions 
of the Painleve VI equation. 

3. For h E L\D there exist three one-parameter families of classical solu- 
tions of the Painleve VI equation. 

4. For h E D there exist four one-parameter families of classical solutions 
of the Painleve VI equation, 

5. Any non-algebraic solution of the Painleve VI equation with h ^ M is 
non-classical. 

Using Theorem ^ it is possible to prove Theorem ^ The proof is based 
on two Lemmata that classify all solutions of the Painleve VI equation having 
reducible or 1- smaller monodromy groups. 

Lemma 32. All solutions of the Painleve VI corresponding to reducible mon- 
odromy groups are equivalent via birational transformations generated by Wq, Wi,W3, W4 
and via symmetries Ti,T^ and T4 to the following one-parameter family of so- 
lutions, realized for 'doo = —{61 + 62 + 9^) 

_ {1 + 61 + 62 - X - 92x)u{x) - x{x - \)ux{x) 

^~ {i + e^ + e2 + e^)u{x) ^ ' 

where u{x) = Ui{x) + h'U2{x), Ui{x),U2{x) being two linear independent solu- 
tions of the following hypergeometric equation 

x{x - l)u^^{x) = [2 + 61 + 62- (A + 61 + 202 + es)x]u^{x)- 

-{2 + 6i + 62 + 6:i){62 + l)u{x). ^^^^ 
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Proof. For reducible monodromy groups there exists a basis in which all 
monodromy matrices are upper triangular. We can always perform a change 
of basis in order that Aioo has the form (|T3|) and all monodromy matrices have 
the form: 

exp{—TTi9k, 

It then follows, by the relation (|T6|), that 'doo + £kJ2k^k = 2A^, Sk = ±1, 
e Z. By means of the birational transformations Wo,Wi,W4, which trivially 
preserve y{x), we can always assume that Ek = +1- Perform the following 
gauge transformation on the Fuchsian system 

$ ^ I. = nti(A - Uk)^^, Ak^Ak = Ak- yl. 
The new residue at infinity is, for i)oo 7^ 0, 



Aco I ^ 

while for d^o = 0, is 

■ E 

A, 





-1^oc+El 




Then the new monodromy matrices are 

Mk = (iw{-'^iQk)Mk= { \ i\ ■n\h A; = 1,2,3, 

y exp(— 27r?6'fc) J 

and 

Moo = I n r V q I M ) exp(7^oo)- 

Due to the form of the monodromy matrices, the new Fuchsian system admits 
a non-zero single valued solution Y . This solution is analytic at mi, U2 and 
U3 because all residue matrices Ak-, k = 1,2,3 have a zero eigenvalue. At in- 
finity we have polynomial behaviour. Applying the birational transformations 
generated by 1^0,^1,^3,1^4 and the symmetries Ti,T3 and T4, we can assume 
A^ = without loss of generality. For A^ = 0, y is necessarily constant. Thus, 
near each Uj, one has 

F + O(l) = 0, 



A - Uj 



that implies that Y has the form q J ' ^'^^ some a 7^ and all residue 

matrices Ak are upper triangular. Correspondingly p = X]fc=i (q-uk) 
solution y{x) of the Painleve VI is a solution of the following Riccati equation 

, , 1 + 91 + 62 + 63 2 I + 61 + 62 + 61X + 63X 61 
yx[x) = -T y -T y' 



x{x — 1) x{x — 1) X — 1 
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which can be solved by means of the hypergeometric equation 

_{i + e^ + e2-x- e^x) - x{x - 1)^ 

where u{x) is a solution of the hypergeometric equation with 

a = 1 + ^2, 6 = 2 + ^1 + ^2 + ^3, c = 2 + ^1 + ^2. 

This concludes the proof of the theorem. A 

Lemma 33. All solutions of the Painleve VI corresponding to 1-smaller mon- 
odromy groups belong to the following list 

1. Forbidden solutions y{x) = 0,x,l, realized for 9i = 0, 02 = 0, 9^ = 
respectively. The corresponding monodromy data are such that A4i — 1, 
M.2 — 1; A^3 = 1; respectively. 

2. Forbidden solution y{x) = oo realized for ■j?oo = 1- The corresponding 
monodromy data are such that = — 1. 

3. Generalised Chazy solutions. They are realized in each of the following 
four cases: -doo odd integer, i^oo 7^ 1 and M.00 — —1 or 9k even integer, 
9k ^ and M.k — 1; for each k — 1,2, 3. For ■j?oo = —1; they have the 
following form 

y(x) = -X [{W + 2x- 9iW - 9^Wf - 4x + W{A9^ - 9lW)] ■ 

{{x-l) [{W + 2x- 9iW - 9sWf - 4x + W{A93 - 9lW)] - W^W^} 
{[{9i + ^3 - 1)' - 9l]{93{x - 1) + 9ix\W^ - 2{{x - l)(3x - 2)^1+ 
+2(x - 1)(1 - 2a;)^3 + a;(3x - l)^^ ^ 2x{l - 2x)9i- 
-xlx - 1)91 + 6a;(a; - l)9i9s]W^+ 

+4:x{x - l)[393{x - 1) + 39ix + 1 - 2x]W - Sx^{x - if}' 

(49) 

where W — ^7^, u{x) being is any solution of the following hypergeo- 
metric equation: 

x{l - x)u" + [l-9s-{2-9,- 9s)x]u' - (^1 + ^3-1)^-^1 ^ _ ^ 

(50) 



-1 



4. Riccati-type solutions. They are all solutions of the Painleve VI equation 
realized for 9k — 2n + 1, n E Z, for one or more k — 1,2, 3, or for 
9^0 — 2n, n & 1_, that can be obtained by the birational transformations 
generated by Wo,Wi,W2,W4 and the symmetries Ti^T^ and Z4 from the 
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following one-parameter family of solutions of the Painleve VI realized 
for ^^ = 2 

. , f{x)[-ei + 62 + 6^- x{e, + 02 + e^)] + 2e,x 

y[x) j(3,)2 + 2(^3 - e2x)f{x) + (01 + 02 - H)x 

(51) 

■where f{x) is a solution of the following Riccati equation 

^ fif-m-x) [ 03 - 02 - 01 01 + 02 + 03 + 2 01 - 02 -0 

x(a;-l) [ 2/ + 2(/-x) + 2(/ - 1) 

(52) 

They are realized for monodromy matrices are Moo = 1 O'lT'd Mk = — 1 
respectively. 

Remark 34. In the limit 0^ — *^ for all k = 1,2,3, the above generalised 
Chazy solutions become the Chazy solutions found in [Ma]. 

Proof. Let us consider the case A^oo = ±1 (the case A4k = ±1 for some 
= 1,2,3 can be obtained from this by means of the symmetries Ti,T3 and 
T4). First consider the case A^oo = 1- Then the corresponding 'doo is an even 
integer. Applying the birational transformations generated by Wo,Wi,W3,W4 
and the symmetries Ti,T3 and T4, we can choose 0oo = 2 without loss of 
generality. The assumption A^oo = 1 implies that 7^ooi2 = 0, i.e., for = 2, 

^ 0+0+0 ^ 
T{q)p'^ - P{q)p V — + 1 V 0fc(g + Uk - Ui - u^) = 0. 

^ — ^ q — Uh 4 ^-^ 

k=l ^ " k=l 

By substitution we obtain an algebraic relation 7loo{x, y{x),p{x)) = between 
y{x) and its conjugate momentum p{x), whose common solutions with the 
Painleve VI equation are all given by (^Tj) and (|52D . Let Aloo = —1- Then 
■(^oo G 2Z + 1 and T^oo = 0. The equation TZoo = for {^^o = 1 leads to 
•Akii'^k = 0, which gives the forbidden solution y = 00. All other cases with 
even integer -^ao 7^ 1 are equivalent via birational transformations to the case 
■doo = For ''^oo = —1, the equation TZoo = corresponds to Ak2iUk = 0, i.e. 
to the following algebraic relation between y{x) and p{x): 



bo{y, a;)/ + bi{y, x)p^ + h2{y, x)p^ + 63(7/, x)p + 64(1/, x) = 0, 



where 



bo= lQP{y)\ 

h = -32P(y) [01 (y -l){y-x) + 021/(2/ - 1) + 032/(2/ - x)] 

62 = 8[ - P{y){3y - 1 - x)^J + {y-l){y- x){3y^ -3y + 2x- 3yx)el+ 

+y{y - l)(32/2 - 3y + x - x')Ql + y{y - x)(32/2 - 1 + x - 3yx)Ql^ 

+&P{y) [0102(2/ - 1) + 0103(2/ -x)+ yQ^H ] 
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h = -8^2P{y)^J - {3y - 1 - x) [e^{y - l){y - x) + e,y{y - 1) + 

+e-iyiy - + My + e^iy + x - 1) + e^iy + i-x)] 

•(^1 + + 9s) My -l){y-x) + e^y{y - 1) + O^y^y - x)] 



K = i0i + 92 + 93-i^oo){ (3y2 ~2y-l + 2x-2yx- x^)i^J+ 
+ [{6y — 1 — — 6x + 6yx — x^)6i + {6y — 1 — 5?/^+ 
+2x - 2yx - x2)^2 + (2x - 2y - 1 - Sy^ + 6|/x - x'^)93]^oc'^+ 

+{^00 + e, + e2 + e,) [e^{y -i-x) + e^iy + x-i) + e,{y + 1 - x)f }. 

Such a relation gives an algebraic differential equation of the first order that 
is satisfied only by the generalised Chazy solutions. A 

Proof of Theorem 

Observe that the birational transformations generated by wo,wi,W2,W3, W4 
and the symmetries Ti,T3 and T4 preserve each of the spaces M, P, L and D. 
Such symmetries preserve the class of the classical solutions. In the Lemmata 

^3 



and ^ we have found that every time one G Z or i^oo + Sa:=i ^^dk G 2Z 



there exists a classical solution of the Painleve VI. Thanks to Theorem ^ the 
solutions of Lemmata ^ and give all one parameter families of classical 
solutions classified in Theorem RIl A 



References 

[1] D.V. Anosov and A. A. Bolibruch. The Riemann-Hilbert Problem, volume 
E 22. Aspects of Mathematics, 1994. 

[2] A. A. Bolibruch. On isomonodromic deformations of Fuchsian systems. J. 
Dynam. Control Systems, 3:no. 4, 589-604, 1997. 

[3] R. Conte. The Painleve approach to nonlinear ordinary differential equa- 
tions. CRM Ser. Math. Phys., pages 77-180, 1999. 

[4] P. Deift, A. Its, A. Kapaev, and X. Zhou. On the algebro-geometric 
integration of the Schlesinger equations. Commun. Math. Phys., 203:613- 
633, 1999. 

[5] W. Dekkers. The matrix of a connection having regular singularities on a 
vector bundle of rank 2 on P^(C). Springer Lect. Notes Math., 712:33-43, 
1979. 

[6] B. Dubrovin. Painleve transcendents in Two- Dimensional Topological 
Field Theory. The Painleve property One Century Later, pages 287-412, 
1999. 



30 



[7] B. Dubrovin and M. Mazzocco. Monodromy of certain Painleve-VI tran- 
scendents and reflection groups. Invent. Math., 141:55-147, 2000. 

[8] B. Dubrovin and M. Mazzocco. Schlesinger systems, their reductions and 
classical solutions. In preparation, 2001. 

[9] B. Dubrovin and Y. Zhang. Bihamiltonian hierarchies in 2d topological 
field theory at one-loop approximation. Comm. Math. Phys., 198 no. 
2:311-361, 1998. 

[10] H. Flaschka and A.C. Newell. Monodromy and spectrum preserving de- 
formations, I. Comm. Math. Phys., 76:no. 1, 65-116, 1980. 

[11] R. Garnier. Sur des equations differentielles du troisieme ordre dont 
I'integrale generale est uniforme et sur une classe d'equations nouvelles 
d'ordre superieur dont I'integrale generale a ses points critiques fixes. Ann. 
Sci. Ecole Norm. Sup., 29:no. 3, 1-126, 1912. 

[12] R. Garnier. Solution du probleme de Riemann pour les systemes 
differentielles lineaires du second ordre. Ann. Sci. Ecole Norm.. Sup., 
43:239-352, 1926. 

[13] N. Hitchin. Twistor spaces, einstein metrics and isomonodromic deforma- 
tions. J. Differential Geom., 42:no. 1, 30-112, 1995. 

[14] N. Hitchin. Algebraic solutions of the Painleve VI equation, talk at Ed- 
inburgh, work in progress, 1998. 

[15] K. Iwasaki, H. Kimura, S. Shimomura, and M. Yoshida. From Gauss to 
Painleve, a Modern Theory of Special Functions, volume E 16. Aspects 
of Mathematics, 1991. 

[16] M. Jimbo, T. Miwa, and K. Ueno. Monodromy preserving deformation 
of the linear ordinary differential equations with rational coefficients I, II. 
Publ. RIMS, 14, 15:223-267, 201-278, 1978, 1979. 

[17] H. Kimura and K. Okamoto. On the polynomial Hamiltonian structure 
of the Garnier system. J. Math, pures et Appl., 63:no. 1, 129-146, 1984. 

[18] A.V. Kitaev and D.A. Korotkin. On solutions of the Schlesinger equations 
in terms of G-functions. Internat. Math. Res. Notices, 17:877-905, 1998. 

[19] B. Malgrange. Equations Differentielles a Coefficients Polynomiaux. 
Birkhauser, 1991. 

[20] L.J. Mason and N.M.J. Woodhouse. Integrability, self-duality, and twistor 
theory. London Mathematical Society Monographs, 1996. 



31 



[21] M. Mazzocco. Picard and Chazy Solutions to PVI Equation. Math. Ann., 
2001. 

[22] T. Miwa. Painleve property of monodromy presereving equations and the 
analyticity of T-functions. Publ. RIMS, 17:703-721, 1981. 

[23] K. Okamoto. Isomonodromic Deformation and Painleve equations, and 
the Garnier Syestem. J. Fac. Sci. Univ. Tokyo, Sect. lA, Math., 33:576- 
618, 1986. 

[24] K. Okamoto. Studies on the Painleve Equations I, Sixth Painleve 
Equation. Ann. Mat. Pura Appl, 146:337-381, 1987. 

[25] K. Okamoto and H. Kimura. On Particular Solutions of the Garnier 
System and the Hypergeometric Functions of Several Variables. Quart. 
J. Math. Oxford, 37:61-80, 1986. 

[26] P. Painleve. Sur les Equations Differentielles du Second Ordre et d'Ordre 
Superieur, dont I'lnterable Generale est Uniforme. Acta Math., 25:1-86, 
1902. 

[27] E. Picard. Memoire sur la theorie des functions algebriques de deux 
varables. Journal de Liouville, 5:135-319, 1889. 

[28] N. Reshetikhin. The Knizhnik-Zamolodchikov System as a Deformation 
of the Isomonodromy Problem. Lett. Math. Phys., 26:167-177, 1992. 

[29] L. Schlesinger. Uber eine Klasse von Differentsial System Beliebliger 
Ordnung mit Festen Kritischer Punkten. J. fur Math., 141:96-145, 1912. 

[30] Y. Sibuya. Linear Differential Equations in the Complex Domain: Prob- 
lems of Analytic Continuation, volume 82. AMS TMM, 1990. 

[31] H. Umemura. Birational Automorphism Groups and Differential 
Equations. Nagoya Math. J., 119:1-80, 1990. 

[32] H. Umemura. Irreducebility of the First Differential Equation of Painleve. 
Nagoya Math. J., 117:231-252, 1990. 

[33] H. Umemura. Second proof of the Irreducebility of the First Differential 
Equation of Painleve. Nagoya Math. J., 117:125-171, 1990. 

[34] H. Watanabe. Birational Canonical Transformations and Classical 
Solutions of the Sixth Painleve Equation. Ann. Scuola Norm. Sup. Pisa 
CI. Sci, 27:379-425, 1999. 



32 



